In this work we present a nonlinear multiscale finite element method coupled with the Weiss-Smith/Choi-Merkle (WSCM) local preconditioner for solving steady compressible flows at low Mach numbers. The multiscale formulation is based on the strategy of separating scales, in which the subgrid scale space is spanned by bubble functions, allowing to use a static condensation procedure in the local matrix system to define the resolved scale problem. The resulting numerical formulation is completed by adding an artificial viscosity operator in all scales of the discretization. We evaluate the multiscale formulation coupled with the WSCM preconditioner comparing it with the non-preconditioned case. The numerical experiments show that this numerical methodology yields good results.
Introduction
It is well known that the numerical solution of compressible flow problems at low Mach numbers, modelled by Euler equations, is a very challenging problem. As mentioned in [1] , most of the numerical methods for solving compressible flows at low-Mach numbers are based on the local preconditioning strategy of the Euler equations. Local preconditioning or preconditioning mass matrix scheme consists of premultiplying the time derivative by an appropriate matrix in order to uniform the eigenvalues, smoothing the discrepancy of the different time scales [2, 3] . It is applied to the set of continuous equations before any 2 discretization is done. However, the original problem and the preconditioned one have different time evolution but the same steady-state solution.
Bento et al. [4] proposed a density-based multiscale finite element method, called NMV (Nonlinear Multiscale Viscosity) method, for solving compressible flows, yielding good results for flows in transonic and supersonic regimes. Numerical methods for solving low speed flow are usually pressure-based, since that density-based strategy suffers severe deficiencies when applied to this kind of problem, degrading convergence speeds, and impacting the efficiency and accuracy of the numerical formulations.
In this work we combine the nonlinear density-based NMV method with the Weiss-Smith/Choi-Merkle (WSCM) local preconditioner, presented in [2] , for solving compressible flows at low Mach numbers. The numerical experiments show that this numerical methodology yields good results.
Governing equations and multiscale formulation
The two-dimensional compressible Euler equations may be written with conservative variables in the quasi-linear form,
where t f is a positive real number, representing the final time and Ω is a bounded domain in R 2 , with boundary Γ, U ∈ R 4 is the vector of conservative variables defined by
where ρ is the fluid density, u = [u v] T is the velocity vector, ρE is the total energy, and E is the total specific energy. A x = ∂Fx ∂U and A y = ∂Fy ∂U are the Jacobian matrices and F is the Euler flux vector. Others important physical quantities are the pressure p and the Mach number, M = ||u|| 2 c , where c = γ p ρ is the speed of sound, with γ = cp cv (γ > 1) being the ratio of specific heats, and c p and c v are the coefficients of specific heat at constant pressure and volume, respectively. Associated with Eq.(1) we have an appropriate set of boundary and initial conditions.
To define the multiscale finite element method, we consider a triangular partition T h of the domain Ω into nel elements, where Ω = nel e=1 Ω e with Ω i ∩ Ω j = ∅, for i, j = 1, 2, . . . , nel and i = j. We introduce the function space V Zhb , which is written as the direct sum, V Zhb = V Zh ⊕ V b where the subspaces V Zh and V b are given by
3 with P 1 (Ω e ) representing the set of first order polynomials in Ω e , H 1 (Ω) denotes the Sobolev space of square-integrable functions whose first derivatives are also square-integrable, H 1 0 (Ω) is a space of function in H 1 (Ω) that vanish at the boundary of Ω, and ψ b is a bubble function. The space V Zh represents the resolved (coarse) scale space whereas V b stands for the subgrid (fine) scale space. B denotes a general boundary operator, and Z is a given function.
The nonlinear multiscale method proposed in [4] , called Nonlinear Multiscale Viscosity (NMV) method, adds artificial viscosity isotropically in all scales of the discretization, where the amount of artificial viscosity is given by the YZβ shock-capturing viscosity parameter, presented in [5] . The NMV method for the Euler equation consists of finding
Nonlinear stabilization term in all scales
where
, is calculated on the element-level by using the YZβ shock-capturing viscosity parameter [5] ,
is the residue of the problem on Ω e , Y is a diagonal matrix constructed from the reference values of the components of U, h is the local length scale defined as follow h = 3 a=1 |j · ∇N a | −1
, j is a unit vector defined as j = ∇ρ/ ∇ρ 2 and N a is the interpolation function associated with node a. The local length h is defined automatically taking into account the directions of high gradients and spatial discretization domain.
Local preconditioning for the Euler equations
As mentioned in the introduction section, the local preconditioning is applied to the set of continuous equations before any discretization is done. Denoting by P the (nonsingular) preconditioning matrix, then the system of equations (1) after the preconditioning process reads 4
The solutions of problems (1) and (8) evolve in time differently, but converge in time to the same steady-state solution, since the time derivatives go to zero.
In this work we study the Weiss-Smith/Choi-Merkle (WSCM) local preconditioner, presented in [2] . This preconditioner is based on the symmetric Weiss-Smith (WS) [6] and on the viscous CM [7, 8] preconditioners. An explicit expression for the WSCM preconditioner in conservative variables [2] is
and H is the total enthalpy. The parameter δ ∈ [0, 1]; for δ = 0, the preconditioner is the WS preconditioner, whereas for δ = 1 the CM is recovered. For Euler equations, the preconditioning parameter is given by
where M 2 lim = 10 −5 , σ pgr = 2 , and δ = 0.5 according to [2] . We define the maximum pressure variation (∆p) on the triangle as
where p i is the pressure on the node i = 1, 2, 3.
Numerical results
The flow over an airfoil is an attractive problem to analyze the numerical instability arising from low Mach number values, that occurs in the Euler equations. This section shows the results of a flow passing through a NACA 0012 airfoil at an angle of attack of 0 • and varying inflow Mach number M = 0.01, 0.1 and 0.3.
The experiment was executed taking into a account an unstructured triangular mesh of 5,606 elements and 2,886 nodes, in the computational domain given by a circle centered at the (0, 0) with radius 15 (Fig. 1 ). Aiming to avoid numerical instabilities of reflecting waves [3] , we consider a distance ahead the leading edge of the airfoil to the inflow and outflow boundaries. The inflow data is set up as ρ = 1.0, u = [1.0 0.0] T , and T = 1.0, where T is the temperature. The numerical solution is advanced in time by the predictor-corrector algorithm adapted for the multiscale framework in [4] for the Euler equations. A restarted version of the GM-RES solver is used to find the solution of the linearized system in each nonlinear and time iterations. The GMRES parameters are: 30 vectors to the restart process and tolerance equals 10 −5 . The time-step size is 10 −3 and the simulation runs until t f = 20.0 (20,000 steps), and 3 fixed nonlinear iterations. In this example, we evaluate the WSCM preconditioner comparing it with the non-preconditioned (NP) case. The tests are carried out with the intention of analyzing accuracy issues, specially in the incompressibility limit. Due to flow at a low speed to demonstrate an incompressible behavior, i.e., density variation is almost negligible, we use the pressure contour to analyze this experiments. Figures 2, 3 and 4 show the pressure contours for inflow Mach number M=0.01, 0.1 and 0.3, respectively. As happened in the work of [3] for the non-preconditioned case, our multiscale methodology does not work in the low Mach number limit, i.e., when the Mach number approaches to zero. In the low Mach number flows the numerical methods based on conservative variables suffer with undesirable effects [9] , because the flow demonstrates an incompressible behavior. The numerical solutions without local preconditioning in the low Mach number limit are completely oscillatory, e.g. Fig. 2(a) . On the other hand, the NMV method coupled with local preconditioned is able to solve problems with an incompressible behavior, as shown in Fig. 2(b) , 3(b), and 4(b).
Conclusions
We applied the NMV method coupled with the Weiss-Smith/Choi-Merkle (WSCM) local preconditioner for solving the NACA 0012 airfoil problem at low Mach numbers. We simulated the flow over the NACA 0012 airfoil under the following regimes of inflow Mach numbers: 0.01; 0.1; 0.3. The solutions obtained with the NMV without local preconditioning are completely oscillatory in the low Mach number limit (e.g. for M = 0.01), since methods based on conservative variables fail in this case. On the other hand, our numerical methodology combined with local preconditioning exhibited promising results to this problem.
